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Abstract 

The sigma clique cover number (resp. sigma clique partition number) of graph 
G, denoted by scc(G) (resp. scp(G)), is dehned as the smallest integer k for which 
there exists a collection of cliques of G, covering (resp. partitioning) all edges of G 
such that the sum of sizes of the cliques is at most k. In this paper, among some 
results we provide some tight bounds for see and scp. 
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1 Introduction 

Throughout the paper, all graphs are simple and undirected. By a clique of a graph G, 
we mean a subset of mutually adjacent vertices of G as well as its corresponding complete 
subgraph. The size of a clique is the number of its vertices. Also, a biclique of G is a 
complete bipartite subgraph of G. A clique covering (resp. biclique covering) of G is 
dehned as a family of cliques (resp. bicliques) of G such that every edge of G lies in at 
least one of the cliques (resp. bicliques) comprising this family. A clique (resp. biclique) 
covering in which each edge belongs to exactly one clique (resp. biclique), is called a clique 
(resp. biclique) partition. The minimum size of a clique covering, a biclique covering, a 
clique partition and a biclique partition of G are called clique cover number, biclique cover 
number, clique partition number and biclique partition number of G and are denoted by 
cc(G), bc(G), cp(G) and bp(G), respectively. 

The subject of clique covering has been widely studied in recent decades. First time, 
Erdos et al. in [6] presented a close relationship between the clique covering and the 
set intersection representation. Also, they proved that the clique partition number of a 
graph on n vertices cannot exceed n^/4 (known as Erdos-Goodman-Posa theorem). The 
connections of clique covering and other combinatorial objects have been explored (see 
e.g. [14,16]). For a survey of the classical results on the clique and biclique coverings 
see [11,13]. 
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Chung et al. in [4] and independently Tnza in [15] considered a weighted version of 
the bicliqne covering. In fact, given a graph G, they were concerned with minimizing 
I^(-®)I among all bicliqne coverings B of G. They proved that every graph on n 
vertices has a bicliqne covering snch that the sum of number of vertices of these bicliques is 
0(n^/logn) [4,15]. Furthermore, a clique counterpart of weighted biclique cover number 
has been stndied. Following a conjecture by Katona and Tarjan, Chnng [3], Gyori and 
Kostochka [7] and Kahn [10], independently, proved that every graph on n vertices has a 
cliqne partition snch that the snm of nnmber of vertices in these cliqnes is at most n^/2. 
This can be considered as a generalization of Erdos-Goodman-Posa theorem. 

In this paper, we are concerned with a weighted version of the cliqne cover nnmber. Let 
G be a graph. The sigma clique cover number of G, denoted by scc(G), is dehned as the 
minimum integer k for which there exists a clique covering C of G, snch that the snm of 
its cliqne sizes is at most k. For a cliqne covering C of a graph G and a vertex u G V{G), 
let the valency of u (with respect to C), denoted by Vc(m), be the nnmber of cliqnes in C 
containing u. In fact. 


scc(G) = min ^ ^ \G\ = min Vc(m), 
cec u€V{g) 

where the minimnm is taken over all cliqne coverings of G. Analogously, one can dehne 
sigma clique partition number of G, denoted by scp(G). As a matter of fact, the above- 
mentioned result in [3,7,10] states that for every graph G on n vertices, scp(G) < n^/2. 

In order to reveal inherent difference between cc(G) and scc(G), we introdnce a similar 
parameter scc'(G) which is dehned as the minimum of the sum of clique sizes in a cliqne 
covering C achieving cc(G), i.e. 

scc'(G) := min < |G| : C is a clique covering of G and \C\ = cc(G) 

I cec 

It is evident that scc(G) < scc'(G). In Section 2, hrst in Theorem 1, we will see that 
for some classes of graphs G, the qnotient scc'(G)/scc(G) can be arbitrary large. Then, 
we give some general bonnds on the sigma cliqne cover nnmber and the sigma cliqne 
partition nnmber. In particular, we prove that if G is a graph on n vertices with no 
isolated vertex and the maximnm degree of the complement of G is d — 1, for some integer 
d, then scc(G) < cnd|'log((n — l)/(d — 1))], where c is a constant. We conjectnre that 
this npper bonnd is best np to a constant factor for large enongh n. In Section 3, using 
a well-known resnlt by Bollobas, we prove the correctness of this conjectnre for d = 2. 
In other words, we show that for every even integer n, if G is the complement of an 
indnced matching on n vertices, then scc(G) ~ nlogn. Finally, in Section 4 we give an 
interpretation of this conjectnre as an interesting set system problem. 
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Figure 1: The graph Gn- 


2 Some Bounds 

In this section, hrst we present a class of graphs for which the family of clique coverings 
achieving cc(G) is disjoint from the family of clique coverings achieving scc(G). Then, we 
provide several inequalities relating the introduced clique covering parameters. Moreover, 
we present an upper bound for scc(G) in terms of the number of vertices and the maximum 
degree of the complement of G. 

Theorem 1. There exists a sequence of graphs {Gn} such that see'{Gn)/ scc(G„) tends 
to infinity as n tends to infinity. 

Proof. Let n be a positive integer and Gn be a graph on 3n+2 vertices, such that V(Gn) = 
{xo,yo}UX UY UZ, where X = {xi,.. .,Xn}, Y = [yi,... ,yn} and Z = [zi,..., Znj and 
adjacency is as follows. The sets X U {xq}, Y U {yo} and Z are three cliques and every 
vertex in Z is adjacent to every vertex in X U T. Moreover, for all i,j G {!,..., n}, Xi is 
adjacent to yj if and only if i = j (see Figure 1). 

First, note that each clique of Gn covers at most one edge from the set [xiPi : 1 < 

i < n} U {xoXi,yoyi}. This yields cc(G„) > n + 2. Now, we show that has a 
unique clique covering containing exactly n + 2 cliques. Let C be a clique covering of 
Gn consisting of n + 2 cliques. Assume that the clique Gi E C covers the edge XiPi, for 
1 < i < n, and the cliques C„+i G C and C „+2 G C cover the edges yoyi and xqXi, 
respectively. Note that C „+2 C {xq} UX and xq ^ VJ/fi/Gi. Therefore, Gn +2 = {a^o} U X. 
Similarly, Gn+i = {|/o} U Y. Also, we have Xj^yj ^ Gi, for every 1 < i 7 ^ j < n. Thus, 
Gi = {xj, Pi} U Z, 1 <i <n. Hence, the cliqne covering C = {C* : 1 < i < n + 2} is the 
nniqne cliqne covering of Gn with n + 2 cliqnes and then cc(G„) = n + 2 . Conseqnently, 

scc'(Gn) = \G\ = n{n + 2 ) + 2 (n + 1) = + 4n + 2 . 

cgc 

On the other hand, the n + 4 cliques {xq} U X, {?/o} U X, X U Z, X U Z and {xj,?/*}. 
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1 < i < n, form a clique covering C and thus, 

scc(G„) < ^ 1^1 = 2(n + 1) + 2(2n) + 2n = 8n + 2. 
c&c 

Hence, the families of the optimum clique coverings achieving cc{Gn) and scc(G„) are 
disjoint and scc'(Gn)/scc(Gn) tends to inhnity. □ 


In the following, we prove some relations between scc(G), scp(G) and cp(G). 
Theorem 2. If G is a graph with m edges and oj{G) is the clique number of G, then 
2m 


u{G) - 1 

scp2(G) 


< scc(G') < scp(G') < 2m, 
< cp(G). 


2m + scp(G) 

Also, in all relations, the equalities hold for the triangle-free graphs. 


Proof, i) Since the collection of all edges of G is a clique partition for G, we have scc(G) < 
scp(G) < 2m. Now, suppose that C is a clique covering of G such that \^\ ~ scc(G). 

Clearly m < '^c&c Hence, 

2 m < ^ |G|^ — scc(G) < (a;(G) — 1 ) scc(G). 
cec 

ii) Let cp(G) = t and {Gi,... ,Gt} be a clique partition of G. Then, m = ('* 2 *')- 

Thus, 

t t 

2m = Y,\Gf^-J2\C^\ 

i=\ i=l 

>7(Eic*it-Eic<i 

i=l i=l 

> ^scp^(G) — scp(G), 

where the second ineqnality is dne to Canchy-Schwarz ineqnality and the last ineqnality 
holds because the function f{x) = — a; is increasing for a; > | and clearly scp(G) > 

cp(G) = t. □ 

For a vertex u G V{G), let Nciu) denotes the set of all neighbours of u in G and let G 
stand for the complement of G. Moreover, let A(G) be the maximnm degree of G. Alon 
in [ 1 ] proved that if G is a graph on n vertices and A(G) = d, then cc(G) = 0{d^\ogn). 
In the following, modifying the idea of Alon, we stablish an upper bound for scc(G). 
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Theorem 3. IfG is a graph onn vertices with no isolated vertex and A(G) = d — 1, then 

scc(G) < (e^ + l)nd In . (1) 

Proof. Let 0 < p < 1 be a fixed number and let S' be a random subset of V(G) defined 
by choosing every vertex u independently with probability p. For every vertex m G S', if 
there exists a non-neighbour of u in S', then remove u from S'. The resulting set is a clique 
of G. Repeat this procedure t times, independently, to get t cliques Ci, C 2 ,..., Cj of G. 

Let F be the set of all the edges which are not covered by the cliques Ci,..., Ct. For 
every edge uv, using inequality (1 — a) < e“", we have 

Pr{uv eF) = [l - p\l - p)\^GG)^^G(P\y < (1 -p 2 (i 



The upper bound in (1) gives rise to the question that for positive integers n, d, how large 
can be the sigma clique cover number of an n—vertex graph where the maximum degree 
of its complement is d — 1. A first candidate for graphs with large see is the family of 
complete mulipartite graphs. 

For positive integers n, k, an orthogonal array OA(n, k) is an x /c array of elements in 
{!,... ,n}, such that in every two columns each ordered pair (f, j), 1 < i, J < n, appears 
exactly once. 
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Theorem 4. For positive integers n, d with n > 2d, let G be a complete multipartite graph 
on n vertices with at least two parts of size d and the other parts of size at most d. Then, 
A(G) = d — 1 and scc(G) > nd. Moreover, if d is a prime power and n < d{d + 1), then 
scc(G) = scp(G) = nd. 

Proof. Let C be a clique covering for G. For every vertex u, Ng{u) contains a stable set 
(a set of pairwise nonadjacent vertices) of size d. Therefore, u is contained in at least d 
cliqnes of C, i.e. the valency of u, Vciu) is at least d. Thus, scc(G) > nd. 

Now, let d be a prime power. It is known that there exists an orthogonal array OA(d, d+1). 
Let k = d+1 and denote the ith row of the orthogonal array by an, 0 ^ 2 , • • •, ciik- Also, let 
H he a complete A;—partite graph on d{d+l) vertices with the parts Vi,..., I 4 , where Vj = 
{vji,..., Vjd}, for l<j<k. For each i e {1,..., d^}, the set Q := {uia^, > • • • > 

is a cliqne of H. Since in every two columns of OA, each ordered pair (f, j), 1 < i, J < d, 
appears exactly once, the collection C := {C* : 1 < A < d^} forms a cliqne partition for 
H. Moreover, for every vertex u E V (id), Vc{u) = d. On the other hand, G is an induced 
subgraph of id. Thus, the collection C := {0*00(G) : 1 < i < d?} is a clique partition of 
G and for every vertex u G V{G), Vc'(u) is at most d. Hence, scc(G) < scp(G) < nd. □ 

For positive integers t, d, let us denote the complete t-partite graph with each part of size 
d by Kt{d). Theorem 3 asserts that scc(idi(d)) < cdftlogt, for some constant c. Althongh 
Theorem 4 says that scc(idt(d)) = dH when i < (d +1) and d is a prime power, we believe 
that scc(idt(d)) is mnch larger when t is sufficiently large. This leads us to the following 
conjectnre. 

Conjecture 5. There exists a fnnction / and a constant c, such that for every positive 
integers t and d, if t P fid), then scc(idt(d)) > cd^ilogt. 

In fact, if Conjecture 5 is correct, then the npper bound in (1) is best possible np to a 
constant factor, at least for snfficiently large n. In the following section, we will prove 
that Conjectnre 5 is trne for d = 2. 

3 Cocktail Party Graphs 

In this section, we investigate the sigma cliqne cover nnmber of the Cocktail party graph 
Kti2). Given a positive integer t, the Cocktail party graph ddt(2) is obtained from the 
complete graph K 2 t with the vertex set {xi,... ,Xt} U {yi,... ,yt} by removing all the 
edges Xiyi, 1 <i <t. 

Various clique covering parameters of the Cocktail party graphs have been stndied in the 
literatnre. In 1977, Orlin [12] asked about asymptotic behaviour of cc(ddt(2)), with this 
motivation that it arises in an optimization problem in Boolean fnnctions theory. He also 
conjectnred that cp(ddi(2)) ~ t. Gregory et ah [8] proved that for t > 4, cp(ddt(2)) > 2t 
and for large enongh t, cp(ddt(2)) < 2tloglog2t. The problem that cp(ddi(2)) ~ 2t 
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is still an open problem. Moreover, Gregory and Pullman [9], by applying a Sperner- 
type theorem of Bollobas and Schonheim on set systems, proved that for every integer t, 
cc{Kt{2)) = a{t), where 

Furthermore, the authors in [5], using the pairwise balanced designs, have proved that 
scp(i^t(2)) ~ (2f)3/2. 

Here, using the following well-known theorem by Bollobas, we prove a lower bound for 
the sigma clique cover number of Kt{2) which determines the asymptotic behaviour of 
scc(i^^i(2)) and implies that Conjecture 5 is true for d = 2. 

Bollobas’ Theorem. [2] Let Hi,..., he some sets of size ai,..., a*, respectively and 
Bi,... ,Bt be some sets of size hi,... .^ht, respectively, such that Ai fl = 0 if and only if 
i = j. Then 


fdi + bf' 

i=l 


aj 


< 1. 


Theorem 6. Let Kt(2) be the Cocktail party graph on 2t vertices. Then 

tS{t) < scc{Kt{2)) < ta{t), 

where a(t) is defined as above and 6(t) = min ik — 1 : t < 


lk/2] 

Proof. Since cc(iFt(2)) = a(t) and every clique in Kt{2) is of size at most t, we have 
scc(i^'i(2)) < ta{t). 

For the lower bound, assume that {Ci, ..., Ck} is an arbitrary clique covering for Kt{2). 
For every i E {1,..., t}, dehne 

Ai {cX . Xi G Caj”, Bi {o . Pi E Ca^- 

Also, let Oj = \Ai\,hi = \Bi\ and Ci = Oi + bi. Then for every i ^ j, there exists a clique 
containing the edge XiPj. Hence, Ai n Bj ^ 0. Moreover, since no clique contains both 
vertices Xi and pi, we have Hj fl = 0. 

Therefore, by Bollobas’ theorem, we have 

I'cii -h bi^ ^ ^ 


i=l 


Q>i 

. -1 


For every integer m, let f{m) = (|-^ 2 ]) linear extension of f{m) 

M’*'. Since / is non-increasing and convex, by Jensen inequality, we have 


m 


/ 


E' 

2 = 1 


</(7E».)4E 


2=1 


7 


^ 1 ^0-i P bi^ ^ 1 


t 


i=l 


Gi 


t 



Thus, f ^ ^ > t. Therefore, 

Vru E*=iCil/ 


m< 


tE' 


2=1 


i fc 

i^7E<=- = 7E|C«I- 


2=1 


a=l 


Consequently, tS(t) < scc(Kt(2)). 


□ 


Theorem 6 along with the approximation ~ 2 ^"'/^/wn yields the following corollary 
which proves Conjecture 5 for d = 2. 

Corollary 7. For every integer t, scc{Kt{2)) rNJ tlogt. 


4 Concluding Remarks 

In previous section, by considering a clique covering as a set system and applying Bollobas’ 
theorem, we proved Conjecture 5 for d = 2. In this point of view, this conjecture can be 
restated as an interesting set system problem and thus it can be viewed as a generalization 
of Bollobas’ theorem, as follows. 

Conjecture 8. Let d > 2, t > 1 and T = {{A], Af, . .., Af) : 1 < i < t} such that 
is a set of size kij and Al A A\, =0 if and only ii i = i' and j ^ j'. Then, there exists a 
function / and a constant c, such that for every t > f{d), 

kij > cdFt log t. 


Note that Conjecture 8 is true for d = 2, due to Bollobas’ theorem. 
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